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Here we build some effective boundary conditions to be used in numerical calculations in order
to avoid the thin meshing usually required in problems involving Hartmann layers near a locally
plane wall. Wall model are provided for both tangential and normal electric current density and
velocity. In particular, a condition on the normal derivative of the tangential velocity is derived. A
wide variety of problems is covered as the only restriction is that the magnetic Reynolds number
has to be large at the scale of the Hartmann layer. The cases of perfectly conducting or insulating
wall are examined, as well as the case of a thin conducting wall. The newest result is a condition
on the normal velocity accounting for inertial effects in the Hartmann layer.
I. INTRODUCTION
The flow of an electro-conducting fluid near a wall
transverse to a magnetic field produces a specific bound-
ary layer, the Hartmann layer, resulting from the balance
between the Lorentz and the viscous force. This layer
is generally very thin, which is problematic for a direct
numerical resolution of the magnetohydrodynamic equa-
tions. The Hartmann layer thickness scales as the inverse
of the magnetic field component orthogonal to the wall.
Strong magnetic fields therefore dramatically reduce the
layer thickness, to typically a few hundredths of mm in
a liquid metal in a magnetic field of one Tesla, so that a
very fine numerical mesh would be required for a direct
computation. An insufficient resolution could spoil the
whole computation as in some cases, the outer velocity
is controlled by the total electric current passing through
the layer, so an accurate description of the Hartmann
layer is essential.
A convective flow in a rectangular elongated cavity al-
ternatively has been modeled either meshing the layer or
using a simple analytical model (using the classical linear
model simply built on the balance between Lorentz and
viscous forces (see for instance [1]). It was found that 15
meshes within the layer were required in order to have
a discrepancy smaller than 10% from the outer velocity
computed from the analytical model. Mu¨ck et. al. [2]
have also performed accurate numerical simulations us-
ing such a simple model. Similar difficulties would arise
in many examples such as lithium blankets designed for
nuclear fusion reactors ([3]), where a liquid metal must
evacuate heat under the strong transverse magnetic field
used to confine the plasma, or in electromagnetic steer-
ers where liquid steel is driven by a sliding magnetic field
between transverse plates. Note finally the applications
to the Earth liquid metal core, where we expect Hart-
mann layers with thickness less than one meter to occur
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at the contact with the mantle or with the solid metal
inner core.
We propose here as an alternative approach to use an
analytical model of the Hartmann layer, and to deduce
effective boundary conditions for the core flow. Many
previous works use a similar asymptotic approach, lead-
ing to a coupled analytical description of the core flow
and boundary layers. Such fully analytical solutions are
however generally limited to linear problems, e.g. Hunt
and Shercliff [4] for duct flows, Walker [5] for convection.
A two-dimensional evolution equation for a 2D core flow
relying on a similar idea is proposed in [6]. Pothe´rat et
Al. [7] extended such effective 2D models to the case
of moderate magnetic fields, taking into account recir-
culating secondary flows in the Hartmann layer. Here,
we consider again the same effects, but with the goal of
extracting an effective boundary condition for the core
flow, without any assumption on its dynamics (it is not
necessarily described as a two-dimensional flow).
Our approach here is quite general, with possibly non-
uniform or time varying magnetic fields and various wall
electric conditions, as presented in section 2. We use
a systematic expansion for the Hartmann layer valid for
large magnetic fields, and the matching with the core pro-
vides the requested effective boundary conditions. The
zero order classical Hartmann layer is recalled in section
3, and effective boundary conditions are deduced. It is
shown that in many cases, one can just forget the Hart-
mann layer and allow the fluid to slip on the wall.
However this is not always sufficient, in particular in
the case of insulating walls. Thus the electric current
sheet generated in the Hartmann layer transmits a fric-
tion effect in the core. This is taken into account by an
effective condition on the normal current density. Sim-
ilarly a normal velocity is generated in the Hartmann
layer, due to the recirculating flows induced by inertial
effects. This appears as a higher order correction on the
Hartmann layer, derived in section 4. In the case of Cori-
olis effects, these effects are modified as the Hartmann
layer is transformed into Hartmann-Ekman layer, as dis-
cussed in section 5.
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2II. DESCRIPTION OF THE SYSTEM
Let us consider an incompressible fluid with density
ρ, kinematic viscosity ν, conductivity σ in a magnetic
field B (x,t) possibly depending on time t and position
vector x. All variables are non-dimensional, using a typ-
ical magnetic field value B0, a velocity U , a scale a of
the fluid domain. The time is normalized by the advec-
tive time scale a/U . The dynamics then depend on three
non-dimensional parameters, the Hartmann number Ha,
the interaction parameter N and the magnetic Reynolds
number Rm,
Ha = (
σB20
ρ
a2
ν )
1/2 , N =
σB20
ρ
a
U , Rm = µσUa. (1)
The Hartmann number and interaction parameter com-
pare the electromagnetic forces respectively to viscosity
and inertia. Note that the hydrodynamic Reynolds num-
ber Re can be expressed as Re = Ha2/N , while the mag-
netic Reynolds number Rm compares advection and dif-
fusion of the magnetic field.
The non-dimensional velocity field u satisfies the
Navier-Stokes equations
∂tu + u.∇u = 1Re∆u +N j×B−N∇p, (2)
∇.u = 0, (3)
with an electromagnetic force proportional to the cur-
rent density j, normalized by its estimate σUB0. The
pressure p has been normalized by its estimate NρU20 ,
corresponding to a balance between pressure and elec-
tromagnetic forces. The electric current and magnetic
field satisfy the Ohm’s law and the equations of mag-
netic induction, in non-dimensional form,
j = E + u×B, (4)
∇×E = −∂tB, (5)
∇×B =Rm j, (6)
∇.B = 0. (7)
Note that taking the curl of the Ohm’s law (4) and
using (5), we get :
∇× j = −∂tB− u.∇B + B.∇u. (8)
The boundary condition for the velocity is the classical
no-slip condition
u = 0. (9)
For the magnetic field, there is a condition of conti-
nuity with the outside of the normal component B.n (n
is the normal to the wall). There is also a condition on
the tangential components of B, related to the electrical
boundary conditions by the induction law (6). Denoting
jW the current density at the wall, the tangential projec-
tion of the magnetic field is determined from the normal
current jW.n on the whole boundary, while the normal
derivative of this tangential magnetic field is proportional
to the tangential projection of jW. We shall consider four
cases:
1. insulating walls, jW.n=0,
2. electrodes controlling the injected current jW.n =
jI is given,
3. perfectly conducting walls jW‖ = 0,
4. thin conducting walls, with conductance ΣWσa (so
that ΣW is non-dimensional). Then the tangential
electric field E‖, which is continuous at the bound-
ary, is proportional to the surface current density
JW along the wall shell, E‖ = JW/ΣW . The cur-
rent conservation in this shell yields ∇‖.JW =
jI − jWz, where jI is a current density possibly
injected on the shell by electrodes from outside.
Then, using the Ohm’s law (4) at the wall, with
u = 0, we get the electric boundary condition
∇‖.(ΣW jW‖) + jW.n = jI , (10)
which in fact covers the four cases. The case of insu-
lating walls or imposed normal current is obtained
with ΣW = 0 and the case of perfectly conducting
walls with ΣW →∞.
Near the walls with non-zero transverse magnetic field
B.n, a Hartmann boundary layer occurs. It is dominated
by a balance between the electromagnetic force, pressure
force and viscosity (the three terms in the right hand side
of (2)). The thickness of this layer is in a(HaB.n)−1,
which we suppose to be much smaller than a. This is
verified in most cases of interest. We furthermore as-
sume that the magnetic field variation δB across this
layer is small, δB  B. Then the magnetic field can be
assumed given when the dynamics of the boundary layer
is studied. This is satisfied when the magnetic Reynolds
number at the scale of the Hartmann number is small,
Rm/Ha  1, a condition which is in practice always
verified, even if Rm is large. In some engineering ap-
plications (e.g. in induction pumps), a magnetic field
oscillation is externally imposed with frequency f . Then
our analysis applies if the skin depth (µσf)−1/2 remains
larger than the Hartmann layer thickness a(HaB.n)−1,
3so that again the magnetic field can be considered as
uniform across the Hartmann layer.
Inertial effects are assumed small in the Hartmann
layer, which is satisfied for high interaction parameters
N . We shall consider the perturbative effects of inertia,
resulting in recirculation effects, so our analysis extends
in reality for values of N close to unity. In summary our
analysis applies when
Ha B.n 1, N  1, Rm
Ha
 1, f  Ha
2
µσa2
. (11)
Furthermore we shall assume that the curvature ra-
dius of the walls is large with respect to the thickness
aB0(HaB.n)
−1 of the Hartmann layer, so that the latter
can be assumed locally plane.
In addition we shall separately discuss the case with
strong Coriolis force, as relevant in a planetary liquid
metal core. Then Hartmann-Ekman layers are obtained
instead of Hartmann layers.
III. THE HARTMANN LAYER.
A. The equation of motion in the Hartmann layer.
In the Hartmann boundary layer, the normal deriva-
tive dominates the tangential ones. We choose an or-
thonormal reference frame (ex, ey, ez), where ez is the
unit vector normal to the wall, and the origin is chosen
so that the wall corresponds to the surface z = 0. We de-
fine the stretched non-dimensional coordinate ξ = Ha z,
which remains of order one in the Hartmann layer, and
denote the fields by the superscript (ˆ), to specify that
they are functions of this stretched coordinate.
We assume that the wall curvature is sufficiently small,
so that the Hartmann layer can be calculated with the
cartesian coordinates (x, y, ξ), where the origin of ξ is
at the wall. In further discussions, vectors belonging to
the plane of the wall are referred as tangential whereas
vectors orthogonal to the wall are called normal
The velocity u is then decomposed in its tangential
projection, denoted u‖, and normal component, denoted
w.
With these conventions, the continuity equation (3)
rewrites
− 1
Ha
∇‖.uˆ‖ = ∂ξwˆ, (12)
so that the normal velocity wˆ is of order 1Ha
The tangential projection of the Navier-Stokes equa-
tion yields
1
N
[(
∂t + uˆ.∇‖ +Ha wˆ ∂ξ
)
uˆ‖
]− 1Ha2 ∆‖uˆ
= −∇‖pˆ+ ∂2ξξuˆ‖ +Bz ˆ× ez + ˆzez ×B‖. (13)
The normal component of the Navier-Stokes equation
yields, to an excellent approximation a balance between
normal pressure and electromagnetic force, namely
O(N−1Ha−1) = −∂zp+ ˆ‖ ×B‖. (14)
The electric current conservation writes :
− 1
Ha
∇‖.ˆ‖ = ∂ξ ˆz. (15)
The curl of the Ohm’s law (8) is written in terms of
the stretched variable as
1
Ha
[(
ez ×∇‖
)
ˆz − d
dt
B‖ +
(
B‖.∇
)
uˆ‖
]
= ez × ∂ξ ˆ‖ −Bz∂ξuˆ‖, (16)
where ddt ≡ ∂t + uˆ.∇‖ is the advection operator.
The Hartmann layer solution is supposed to match the
core solution of the motion equation. The latter differs
from the Hartmann layer solution by its typical normal
lenghscale which is O (1) and to which the normal coordi-
nate z normalized by a is associated. Then, the core solu-
tion does not satisfy the boundary condition at the wall.
Moreover, the validity domain of the boundary layer so-
lution does not extend to the core, so that the matching
of the two solutions has to occur at an intermediate scale
ζ
(
Ha−1
)
, possibly depending on Ha, satisfying [8] :
Ha−1  ζ (Ha−1) 1. (17)
We shall here denote the functions of the core coor-
dinate z by the superscript (ˇ), to distinguish them from
the functions of the stretched coordinate ξ. Matching the
core solution to the boundary solution at the intermedi-
ate scale is achieved by the asymptotic condition for any
quantity g :
lim
Ha−1→0
zζfixed
gˇ (ζzζ)− gˆ (Haζzζ) = 0 (18)
for an appropriate intermediate scale ζ(Ha−1) and for
any value of the argument zζ . When the function gˆ de-
cays exponentially to a constant, we can just replace (18)
by the simpler condition
lim
z→0
gˇ (z) = lim
ξ→∞
gˆ (ξ) (19)
However, we shall find that some perturbative terms,
of order N−1 or Ha−1 for instance, increase with ξ, so
that lim
ξ→∞
gˆ (ξ) =∞ and the more general condition (18)
must be used instead of (19).
4FIG. 1: Geometric configuration
B. The classical Hartmann layer
The zero order equations are given by neglecting the
terms in 1/N and 1/Ha in (12), (13), (15), (16): we only
keep the right-hand terms, of order unity. Taking into
account the no slip condition at the wall, (12) and (15)
yield :
wˆ = 0, jˆz = jWz. (20)
By continuity with the core, this gives the effective
conditions wˇ(0) = 0 and jˇz(0) = jW z0, which just re-
produce the wall conditions, as expected across the thin
Hartmann layer.
Using (20), (13) and (16) are simplified. Integrating
(16) with condition ˆ‖(0) = jW‖ yields a relation between
the tangential current density and velocity
ˆ‖(ξ) = jW‖ −Bz
(
ez × uˆ‖
)
, (21)
which just expresses the Ohm’s law (4) with a con-
stant tangential electric field across the Hartmann layer.
Eliminating the current density with (13) yields an equa-
tion for uˆ‖ (ξ) . The latter can be solved using the no-
slip condition (9) for the tangential velocity and the
matching condition (18), which at zero order simplifies
in lim
z→0
uˇ (z) = lim
ξ→∞
uˆ (ξ), so that finally we get the clas-
sical Hartmann velocity and current density Hartmann
profiles,
uˆ‖ (ξ) = uˇ‖(0)
[
1− e−Bzξ] , (22a)
ˆ‖ (ξ) = jW‖ +Bzuˇ‖ (0)× ez
[
1− e−Bzξ] . (22b)
The matching with the core yields the conditions :
uˇ‖ (0) = B−1z jW‖×ez −B−2z jWzB‖ × ez −B−2z ∇‖p,
(23)
jˇ‖ (0) = jW‖ +Bzuˇ‖ (0)× ez. (24)
By eliminating jW‖ in these two relations, and using
the matching jˇz(0) = jWz, we get :
Bz jˇ‖(0)−B‖(0)jˇz(0)−B−1z ∇‖p× ez = O
(
N−1
)
. (25)
This relation just expresses the balance, in tangential
projection, between the electromagnetic force j×B and
the pressure force.
C. Effective boundary conditions for the core
We get effective boundary conditions for the core at
z → 0 by matching these results on Hartmann layer for
ξ →∞, or more precisely using the condition (18).
First, the impermeability condition w = 0 is just trans-
mitted to the core boundary thanks to (20). We need
two additional effective boundary conditions, one condi-
tion for the current, and one hydrodynamic condition in
order to replace the no-slip wall condition. These are
provided by the continuity of jz and the two relations
(24) and (25).
In the case of a fixed injected current density jWz, for
instance with insulating walls, this condition on jWz is
just transmitted to the core boundary like the normal ve-
locity. This allows to solve the equations for the magnetic
5field and electric current, providing jˇ‖ near the bound-
ary. Then (25) provides the required hydrodynamic con-
dition, in terms of pressure. In some cases the typical
pressure effects are of order N−1, so this condition is
no more effective, and this case will be discussed below.
The additional relation (24) is not needed for the effective
boundary conditions: it just determines the wall tangen-
tial current density jW‖.
In the case of a perfectly conducting wall, jW‖ = 0,
then (24) and (25) provide relationships between jˇ‖(0),
jˇz(0), pressure gradient and velocity.
In the case of a thin wall, combining the divergence of
(24) and (10) gives :
∇‖.[ΣWBz(uˇ‖(0)× ez)] = (jˇz(0)− jI) +∇‖.[ΣW jˇ‖(0)],
(26)
which has to be used in combination with the hydro-
dynamic condition (25).
As already noticed, this condition is only relevant if the
pressure effects are of order unity. When they are not im-
posed from the outside, like in ducts, pressure gradients
rather tend to scale as ρU2, or N−1 in non-dimensional
units, so that (25) does not provide any hydrodynamic
condition. It just states that the current is nearly aligned
with the magnetic field, so that the electromagnetic force
j×B is weaker (by a factor at least N) than expected
from direct dimensional analysis. The effective hydro-
dynamic condition can be obtained in all cases from the
curl of the Ohm’s law (8) at z = 0 :
∂zuˆ‖ −B−1z
(
u‖.∇‖
)
Bˇ‖ +B−1z
(
B‖.∇‖
)
uˇ‖
= −B−1z
[(
ez ×∇‖
)
jˇz − ∂tB‖ +B−1z ∂z jˇ×ez
]
. (27)
The normal derivative ∂z jˇ (0) can be expressed as a
function of the current density and the magnetic field
by differentiating the Navier-Stokes equation in the core
at leading order (23), with respect to z. In addition,
the pressure can be eliminated using (14), the vertical
component of the Navier Stokes equation in the core.
Then (27) becomes :
∂zuˇ‖ = −B−1z
[ (
ez ×∇‖
)
jˇz − ddtB‖+
(
B‖.∇
)
uˇ
+∂z jˇ‖ (0)× ez
]
,
(28)
where ∂z jˇ‖ (0)×ez is obtained from the solution of the
system formed with (25) and (14). An alternate way to
obtain a condition on ∂zuˆ‖(0). This relation relates an
effective boundary condition on velocity to the bound-
ary condition for the electric current. In the case of a
magnetic field normal to the wall, B‖ = 0, it reduces to
∂zuˇ
(0)
‖ (0) = B
−1
z
(
ez ×∇‖
)
j
(0)
zW (29)
and ∂zuˆ‖ = 0 for an insulating wall. Note that this
effective boundary condition has been already derived
by Sommeria and Moreau (1982) to justify the two-
dimensional dynamics of turbulence observed in duct
flows with insulating walls and transverse magnetic field.
When an electric current is injected through electrodes at
the boundary, a normal shear is introduced as indicated
by (29). This corresponds to the existence of a shear
layer parallel to the magnetic field, propagating from the
electrode along magnetic field lines into the core flow.
Up to now, the effective boundary conditions could be
obtained without explicit calculation of the Hartmann
layer. We could have just used the impermeability con-
dition for velocity and continuity of the normal current
density, while keeping free the tangential projections of
the velocity and current. However the previous results
do not account for the phenomenon of Hartmann fric-
tion, which is important for a uniform transverse mag-
netic field and insulating walls. This effect is due to the
closing in the core of electric current sheets generated
in the Hartmann layer. With our approach it appears
as a next order term in the normal current jz, as de-
rived systematically in Appendix /refapp:A2. We can
find the result more intuitively by noticing that the Hart-
mann layer contains a current sheet with surface density∫ +∞
0
[
ˆ‖ (ξ′)−jˇ‖ (0)
]
dξ′. Then the current conservation
is accounted by an additional normal current
jˇz (0) = − 1Ha∇‖.
∫ +∞
0
[
ˆ (ξ′)−jˇ (0)] dξ′, (30)
which, applied to (22b), yields :
jˇz = jzW +
1
Ha∇‖ × uˇ(0). (31)
This corresponds to the well-know result according to
which the normal current induced outside a Hartmann
layer is proportional to the vorticity outside the layer.
IV. FLOW RATE OUT OF THE HARTMANN
LAYER
The effective condition of zero normal velocity is valid
only at zero order. In reality a small normal velocity
can be induced by the Hartmann layer and this may be
important for the convective transport of heat or chem-
icals at the wall. This normal velocity is obtained from
the divergence of the total tangential flow rate within the
Hartmann layer, as for the current (30)
wˇ (0) = − 1Ha∇‖.
∫ +∞
0
[uˆ (ξ′)−uˇ (0)] dξ′. (32)
Plugging (22a) into (32) yields the normal velocity re-
lated to the classical Hartmann layer profile :
wˇ (0) = ∇‖.
(
uˇ (0)B−1z
)
. (33)
6This velocity just represents the flow over a weak to-
pography with height
aB0B
−1
z
Ha
(in real units), which cor-
responds to the thickness of the Hartmann layer. Indeed
this is a zone of stagnant fluid and the core flow has to
move around it. When following a fluid particle in its
tangential motion near the wall, this normal motion is
reversible and does not provide normal transport of mat-
ter.
The true transport is obtained at next order by per-
turbing the Hartmann layer basic profile with terms in
N−1. These effects are significant in practice for small
hydrodynamic scales (see [7]) over which the magnetic
field is uniform, which simplifies calculations. Then the
velocity profile in the Hartmann layer is perturbed by
the inertial terms expressed with the basic profile of the
tangential velocity (22a). At this order, the tangential
velocity profile becomes (see appendix B) :
uˆ‖ (ξ) =[
uˇ‖ (0)−B−2z
(
4
9B
−1
z s1 − 13s0
)
e−Bzξ
] (
1− e−Bzξ)
+B−2z ξe
−Bzξ [ 1
3s1−r0Bz2 − 14r1 (1 +Bzξ)
]
, (34)
uˇ‖ (0) = B−2z
[
−∇‖p+Bzj‖W × ez
−jWB‖×ez − 1
N
duˇ‖
dt
]
,
(35a)
r0 = −∂tuˇ‖ − 2
(
uˇ‖.∇‖
)
uˇ‖, (35b)
r1 = −
[
uˇ‖.∇‖Bz
]
uˇ‖ + uˇ‖∂tBz, (35c)
s0 =
(
uˇ‖.∇‖
)
uˇ‖, (35d)
s1 = −
[
uˇ‖.∇‖Bz
]
uˇ‖. (35e)
The condition (35a) replaces (23).
The corresponding normal velocity is obtained by the
mass conservation law (32), which yields
wˇ (0) = B−1z ∇‖uˇ (0) +
B−4z
HaN
∇‖
.
[
Bz
2 ∂tuˇ (0)− 56
(
uˇ.∇‖
)
uˇ− Bz6 uˇ∂tBz
]
. (36)
In the case of a steady uniform magnetic field the ex-
pression of the normal velocity simplifies :
wˇ (0) = −Ha−1N−1B−2z ∇‖.
[
5Bz
6
[
uˇ.∇‖
]
uˇ
]
+Oi+j=3
(
N−iHa−j
)
. (37)
This expression is almost the same as the one found in
[7] in the case of a flow between two transverse plates.
However, in this latter configuration, the quasi two di-
mensionality of the core allows to consider ∇‖.uˇ(0) ' 0
at the leading order. Then, the vertical velocity at the
edge of the Hartmann layer is exclusively the consequence
of inertial effects arising in the Hartmann layer. If the
flow is axisymetric as under a big vortex, (37) simply
expresses the secondary flow due to the Ekman recircu-
lation.
V. THE HARTMANN-EKMAN LAYERS.
If the motion is described in a frame of reference which
is in rotation around an axis perpendicular to the wall
(speed Ω), a Corolis force appears in the right hand
side of (13). We shall write it A−1u‖×ez using non-
dimensional coordinates, where A = σB
2
2ρΩ is the Elsasser
number. Assuming that the magnetic field is permanent
and orthogonal to the wall (Bz = 1) and neglecting the
other inertial terms allows to find an expression for the
vertical velocity as in [9]:
uˆ‖ (ξ) =
uˇ‖(z = 0)(1− e−cξ cos bξ)
− 1
bc
[A−1ez × uˆ‖(z = 0)
+ (1 + c2 − b2)uˆ‖(z = 0)]e−cξ sin bξ (38)
uˇ⊥ (z = 0) =
1
1+A−2
[[
jW‖ −A−1∇‖pˆ
]× ez − jW‖ −A−1∇‖pˆ]
(39)
where c = − (1 +A−2) 14 cos [ 12 arctanA−1] and b =
− (1 +A−2) 14 sin [ 12 arctanA−1]. As the condition (24)
is still valid, the discussion on the effective electric bound-
ary condition still applies, replacing (23) with (39).
The normal velocity associated with this profile has
the same expression as for a classical Ekman layers but,
with a thickness modified by the magnetic field
wˆ (0) = Ha−1[
(
1 +A−2
)− 12 ∇‖ × uˇ‖ (z = 0)
−∇‖.uˇ‖ (z = 0)] (40)
This result is not surprising since at the edge of
Hartmann layers, the normal velocity occurs either be-
cause of an additional effect (such as inertial) or because
∇‖.uˇ⊥ (z = 0) 6= 0. Therefore, the normal velocity in
Hartmann-Ekman layers only arises because of the Ek-
man spiral term in ez × uˆ‖ as in Ekman layers.
The same remark applies for the electric current den-
sity except that it results from the Hartmann behavior
of the layer.
ˇz (0) = Wz −Ha−1[∇‖ × uˇ‖ (z = 0)
− (1 +A−2)− 12 ∇‖.uˇ⊥ (z = 0)]. (41)
7These results are equivalent to (36) and (31) with a
modification factor for (40), due to the fact that inertia
is treated as a perturbation in (36).
VI. CONCLUSION.
We have obtained effective boundary conditions for the
core in the parameter regime (11), which is quite com-
monly reached in magnetohydrodynamics.
The impermeability condition at the wall is reproduced
to a good precision as an effective condition for the wall.
A small normal velocity does however exist. First, the
Hartmann layer is a stagnant zone, and inhomogeneities
of its thickness result in a “topography” effect (33) for
the core flow. More importantly, a pumping flow (37) is
driven by weak recirculating flows arising as perturbative
effects in the Hartmann layers. A pumping effect also
occurs in Hartmann-Ekman boundary layers obtained in
the presence of Coriolis force.
An important point is that if the magnetic field has
a tangential component or if the wall is conducting, the
no-slip condition is replaced by a condition (28) on the
normal shear.
The electric boundary condition provides a normal cur-
rent (31). The closing of this current in the core is respon-
sible for the Hartmann friction effects which are impor-
tant when the tangential electric current density is weak
in the core. The latter case is relevant when the field is
homogeneous and normal to an insulating wall. In this
case, the core flow is quasi 2D. But when the wall is not
insulating or when the magnetic field has a tangential
component, strong electric current are passed to the core
and the Hartmann layer is no more active. If the wall
is not insulating, the normal electric current injected in
the core has almost the same value as the electric current
at the wall and the condition for the tangential velocity
(28) indicates that the core is three-dimensional at the
edge of the Hartmann layer. The effective conditions for
the electric current are then deduced from (25) and (10).
A tangential component of the magnetic field also results
in a non-zero derivative of the tangential velocity in and
strong electric current injected in the core which is also
expressed by condition (25) and (23).
Appendix A: Appendix: full matching method
1. expansion in Ha−1 and N−1
We are interested in the limit Ha  1 and N  1 so
that each quantity is developped in terms of these two
small parameters :
g = g(0) + g(1,0)
1
N
+ g(0,1)
1
Ha
+ g(1,1)
1
HaN
+ ... (A1)
Following [10], the matching condition at order (i, j)
requires that there exists (K,L, k, l) ∈ N4 and an inter-
mediate scale ζ
(
Ha−1
)
satisfying (17) such that:
lim
Ha−1→0
zhfixed
∑K
n1=0
∑L
n2=0
gˇ(n1,n2) (ζzζ)N
−n1Ha−n2 −∑kn1=0∑ln2=0 gˆ(n1,n2) (ζzζHa)N−n1Ha−n2
N−iHa−j
= 0 (A2)
2. Effective normal velocity and current sheet
The divergence of the flow sheet uˆ(0) (ξ) integrated
over the Hartmann layer yields the vertical velocity
at the edge of the layer. To demonstrate this result,
let’s integrate (12)−Ha−1×(12)(z = 0) between 0 and
ζ
(
Ha−1
)
zζ Ha :
wˆ (ξ) = 1Ha
∫ ζ zζ Ha
0
∂zwˇ (0) dξ
′
− 1Ha
∫ ζ zζ Ha
0
∇‖. [uˆ (ξ′)−uˇ (0)] dξ′. (A3)
Assuming ζ satisfies (17) and using (A3) yields :
lim
ζ→0
zζfixed
wˆ (ξ) = wˇ (0) = lim
ζ→0
zζfixedζzζwˇ (0)− 1Ha ∫
ζzζ
Ha−1
0
∇‖. [uˆ (ξ′)−uˇ (0)] dξ′
 . (A4)
If uˆ (ξ′)−uˇ (0) is a polynom of exponential function,
integral and divergence can be interverted in the limit
ζ → 0 . Indeed, although ∫ ζzζHa−10 ∇‖. [uˆ (ξ′)−uˇ (0)] dξ′
and ∇‖.
∫ ζzζ
Ha−1
0 [uˆ (ξ
′)−uˇ (0)] dξ′ are not equal to each
other, their difference tends toward 0 in the limit ζ → 0.
Finaly, wˇ (0) writes :
8wˇ (0) = − 1Ha∇‖.
∫ +∞
0
[uˆ (ξ′)−uˇ (0)] dξ′. (A5)
We insist that the limit processes have to be carefully
applied in (A4) (in particular an asymptotic expansion in
terms of ζ has to be performed on the exponential terms
in order to reveal the different orders in Ha−1). These
difficulties could be avoided integrating (12) between 0
and ξ and applying (A3) at the considered order but the
intuitive result (32) would be shortcut.
The same process can be applied to the electric current
density and it yields :
jˇz (0) = − 1Ha∇‖.
∫ +∞
0
[
ˆ (ξ′)−jˇ (0)] dξ′ (A6)
Appendix B: Appendix: Effective conditions with
inertia
We shall now look for the way the effective boundary
conditions are affected by moderate inertial effects. The
latter are taken into account by considering N−1 order
of equations (13) and (16). Using leading order solutions
(22a), (20) and (22b) to assess inertial terms, the equa-
tion for uˆ(1,0) writes
∂2ξξuˆ
(1,0) −B2z uˆ(1,0) =[
∇‖p(0) + duˇ
(0)
dt
−Bzj(0,1)‖W × ez + j(0,1)W B‖×ez
]
+ e−Bzξ
[
∂tu− 2
(
uˇ(0).∇
)
uˇ(0) +B−2z
[
uˇ(0).∇‖Bz
]
uˇ(0)
−ξ
[[
∇‖.uˇ(0)
]
uˇ(0) − uˇ(0)∂tBz
] ]
+e−2Bzξ
[ (
uˇ(0).∇
)
uˇ(0)
−B−2z
[
uˇ(0).∇‖Bz
]
uˇ(0) − ξB−1z
[
uˇ(0).∇‖Bz
]
uˇ(0)
]
=
[
d+ (r0 + r1ξ) e
−Bzξ + (s0 + s1ξ) e−2Bzξ
]
(B1)
Using the no-slip condition yields :
uˆ(ξ) = B−2z
[−d (0) + ( 49B−1z s1 − 13s0) e−Bzξ] (1− e−Bzξ)
+ B−2z
[
1
3s1−r0Bz2 − 14r1 (1 +Bzξ)
]
ξe−Bzξ (B2)
Here again, the matching condition (18) simply reduces
to lim
z→0
uˇ (z) = lim
ξ→+∞
uˇ (ξ), that is :
uˇ (0) = −B−2z
[
∇‖p−Bzj‖W × ez + jWB‖×ez + 1N
duˇ(0)
dt
]
.
(B3)
This condition is equivalent to condition (23). The
tangential current density can be derived from (16), ne-
glecting Ha−1 terms :
ˆ (ξ) = −ez × uˆ (ξ) + jW (B4)
Here again, the matching condition can be reduced to
a simple limit process so that it comes finally that (24) is
still valid at order N−1. The same discussion about the
effective electric conditions as in section 3.3 also applies.
A vertical velocity order O (Ha−1N−1) can be asso-
ciated to the inertial jet in the Hartmann layer. But if
the field is not uniform, it is negligible compared to the
vertical velocity induced by non uniformity of the field
(33). Therefore the expression is computed under the
assumption ∂xBz = ∂yBz = 0.
Using the continuity equation in the layer (12) yields
the expression of the normal velocity within the Hart-
mann layer
wˆ = −B−1z
[−1 + e−Bzξ + ξBz]∇‖. (dB−2z )
+B−2z
(
1− e−Bzξ −Bzξe−Bzξ
)∇‖. (B−2z [r0Bz2 + 14r1])
+
B−1z
2
(
1− e−Bzξ)2∇‖. (B−2HaNz 13s0)
+
B−3z
12 [−6 + 6e−Bzξ + 6Bzξe−Bzξ + 3B2zξ2e−Bzξ
+B3zξ
3]∇‖.
(
B−1z r1
)
.
(B5)
The velocity in the core is obtained integrating the
tangential flow rate across the Hartmann layer thanks to
(A2) :
wˇ (0) = −B−1z ∇‖.uˇ (0) +
B−4z
HaN
∇‖.
[
r0
Bz
2 +
1
6r1
+Bz6 s0
]
= B−4z ∇‖.
[
Bz
2 ∂tuˇ
(0) (0)− 56
(
uˇ(0).∇‖
)
uˇ(0)
−Bz6 uˇ(0)∂tBz
]
. (B6)
The latter result is also obtained by direct application of
(32).
A normal current density also results from the current
conservation (15), but this vertical current is negligible
in front of (31), except in the very particular case of a
uniform field and irrotational outer flow.
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